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It is easy to see that the series
∑∞

n=1
sin n
np is absolutely convergent for p > 1. We will show that the

series is conditionally convergent for 0 < p ≤ 1. Our proof is based on the following theorem.

Dirichlet’s Theorem. Let an and bn be two sequences. If there exists a number M such that
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≤ M for all n = 1, 2, 3, . . .

and if the sequence bn satisfies

0 ≤ bn+1 ≤ bn and lim
n→∞

bn = 0

then
∑∞

n=1
anbn converges.

Observe that if an = (−1)n+1, we get Leibnitz’s test for the convergence of the alternating series
∑∞

n=1
(−1)n+1bn.

Recall that every Cauchy sequence of real numbers is convergent, i.e., a sequence an converges if for
every ε > 0, there is an N such that |an − am| < ε for all n, m > N (for a proof, see [1]). We will
prove Dirichlet’s Theorem by showing that the sequence rn =

∑n

k=1 akbk is a Cauchy sequence. For
this, we will use the following Lemma.

Abel’s Lemma. Let an and bn be two sequences and let sn =
∑n

k=1
ak. Then

n
∑

k=1

akbk = snbn+1 +

n
∑

k=1

sk(bk − bk+1).

Proof. Note that an = sn − sn−1, where s0 = 0. Then

n
∑

k=1

akbk =

n
∑

k=1

(sk − sk−1)bk =

n
∑

k=1

skbk −

n
∑

k=1

sk−1bk

and
n

∑

k=1

sk−1bk =

n
∑

k=1

skbk+1 − snbn+1.

This completes the proof. �

Proof of Dirichlet’s Theorem. Let

sn =

n
∑

k=1

ak and rn =

n
∑

k=1

akbk.

From Abel’s Lemma we get

rn − rm = snbn+1 − smbm+1 +

n
∑

k=m+1

sk(bk − bk+1).
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Since 0 ≤ bk+1 ≤ bk, and |sn| ≤ M , we get

|rn − rm| ≤ M(bn+1 + bm+1) + M
n

∑

k=m+1

(bk − bk+1)

= M(bn+1 + bm+1 + bm+1 − bn+1)

= 2Mbm+1.

Now, let ε > 0. Since bn → 0 as n → ∞, we can choose N so that m > N implies bm+1 < ε/(2M).
Then m, n > N implies |rn − rm| < ε, which completes the proof. �

To show that
∑∞

n=1
sin n
np converges for all p > 0, we will first find a number M such that
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≤ M, for all n = 1, 2, 3, . . .

To do this we use the identity

2 sinα sin β = cos(α − β) − cos(α + β).

We then have
n

∑

k=1

2 sink sin 1

2

=

n
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k=1

(cos(k − 1

2

) − cos(k + 1

2

)) = cos 1

2

− cos(n + 1

2

).

Since | cos 1

2
− cos(n + 1

2
)| ≤ 2, we get
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≤
1

sin 1

2

, for all n = 1, 2, 3, . . .

Since the sequence bn = 1/np satisfies

0 ≤ bn+1 ≤ bn and lim
n→∞

bn = 0

for all p > 0, we conclude that
∑∞

n=1
sin n
np converges.

Note that the series
∑∞

n=1
cos n
np is also convergent for all p > 0. The proof is similar to the one above

except that we use the identity

2 cosα sin β = sin(α + β) − sin(α − β).

Let’s now show that
∑∞

n=1
sin n
np is not absolutely convergent for 0 < p ≤ 1. It is sufficient to show

that the series
∑∞

n=1

| sin n|
n

diverges since for 0 < p < 1

0 ≤
| sin n|

n
≤

| sin n|

np
for all n = 1, 2, 3, . . .

Let

αn =
| sin n| − | sin(n − 1)|

2n
and βn =

| sin n| + | sin(n − 1)|

2n
.

It is easy to see that Dirichlet’s Theorem implies that
∑∞

n=1 αn converges. It follows from the
divergence of the harmonic series and the inequality

| sin x| + | sin(x − 1)| ≥ sin 1 > 0, for all x

that
∑∞

n=1
βn diverges. Since | sin n|

n
= αn + βn, we conclude that

∑∞
n=1

| sin n|
n

diverges.
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